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THE NONLINEAR HEAT EQUATIONS WITH FRACTIONAL:
LAPLACIAN & HARMONIC OSCILLATOR IN MODULATION SPACES
DIVYANG G. BHIMANI
Abstract. The aim of this article is two fold. First, we produce a finite time blow-up
solution of the nonlinear fractional heat equation ∂tu+(−∆)β/2u+uk = 0 (0 < β <∞, k ∈
N) in modulation spacesMp,1(Rd) (1 ≤ p ≤ 2). Secondly, we prove space-time estimates for
heat propagator e−tH
β
associated to fractional harmonic oscillator Hβ = (−∆ + |x|2)β in
modulation spacesMp,p(Rd) (1 ≤ p <∞). As a consequence, the solution for free fractional
heat equation ∂tu+H
βu = 0 grow-up in time near the origin and and decay exponentially
in time at infinity.
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1. Introduction
We study heat equations associated to fractional Laplacian (−∆)β/2 of the form
∂tu+ (−∆)β/2u = uk, u(0, x) = u0(x)(1.1)
and associated to fractional harmonic oscillator Hβ = (−∆+ |x|2)β of the form
∂tu+H
βu = 0, u(0, x) = u0(x),(1.2)
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where 0 < β < ∞, k ∈ N, u = u(t, x) ∈ C, t ∈ R and x ∈ Rd. The fractional Laplacian is
defined as
F [(−∆)β/2u](ξ) = |ξ|βFu(ξ)
where F denotes the Fourier transform. The (quantum) harmonic oscillator (also known
as Hermite operator) H1 is a fundamental operator in quantum physics and in analysis
[38, 36, 37]. The spectral decomposition of the Hermite operator H1 on Rd is given by
H1 =
∑∞
k=0(2k + d)Pk where Pk stands for the orthogonal projectionof L
2(Rd) onto the
eigenspace corresponding to the eigenvalue (2k + d). Given a bounded function m defined
on the set of all natural numbers, we define the operator m(Hβ) simply by setting m(Hβ) =∑∞
k=0m
(
(2k + d)β
)
Pk (see Subsection 4.1 below for details). In particular, we define heat
propagator associated to Hβ as follow
e−tH
β
f =
∞∑
k=0
e−t(2k+d)
β
Pkf.
The fractional heat equation (1.1) is significantly interesting in both physics and PDEs,
since it is the Poisson equation if β = 1 and the classical heat equation if β = 2. In the later
case (1.1) appears as a one-dimensional model for the voraticity equation of incompressible
and viscous fluid of three dimension. The isotropic harmonic potential |x|2 describes a
magnetic field whose role is to confine the movement of particles [9]. This is an important
model in quantum mechanics, as it approximates any trapping Schro¨dinger equation with real
potential at its point of equilibrium [29]. In [45], (1.2) found applications in optomechanical
arrays. In fact, in the recent years, fractional Laplacian and fractional harmonic ocillator
have been extensively used from both pure and applied points of view, see [11, 36, 37, 22].
The literature (local and global well-posedness and ill-posedness theory) for (1.1) is vast
have been studied by many authors. We briefly mention a few among others. Fujita [21]
proved that for (1.1) with β = 2 and d(k − 1)/2 < 1 no non-negative global solution exists
for any non-trivial initial data u0 ∈ L1(Rd). Later Fujita [20] proved that, for d(k−1)/2 < 1,
global solution do exist for initial data dominated by a sufficiently small Gaussian. For the
critical exponent d(k − 1)/2 = 1, Hayakawa [24] proved nonexistence of nonnegative and
nontrivial global solutions in the case of d = 1, 2, and Kobayashi-Sirao-Tanaka [28] proved
it in general dimensions. Weissler [44] have studied (1.1) with β = 2 in some Lebesgue
spaces. In [30] author have proved some sharp well-posedness result for (1.1) with β ∈ (1, 2]
in Sobolev spaces Hs(Rd). In [33, 10] authors have proved blow up in finite time for (1.1)
with β = 2 in some scale invariant Besov space and Fourier-Lebesgue spaces.
On the other hand, there is tremendous ongoing interest to use modulation spacesMp,q(Rd)
(see Definition 2.1 below) as a regularity class for the Cauchy data for nonlinear dispersive
equations, see e.g., [1, 2, 31, 4, 8, 3, 5, 43]. Wang-Zhao-Guo [1] proved local well-posedness
for nonlinear Schro¨dinger equations (NLS) and Navier-Stokes equations in M2,1(Rd). Wang-
Hudzik [42] proved global well-posedness for NLS and and nonlinear Klein-Gordon equations
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with small initial data in some weighted modulation spaces. Oh-Wang [31] proved global well-
posedness for cubic NLS in M2,p(R) (2 ≤ p ≤ ∞). Wang-Han-Huang [41] have considered
global solutions and scattering for the generalized derivative NLS in modulation spaces.
Ruzhansky-Wang-Zhang [35] have considered global well-posedness for forth order NLS in
modulation spaces. We refer to excellent survey [34] and the reference therein for details.
Iwabuchi [26, Theorems 1.9 and 1.13] proved local and global well-posedness of (1.1) with
β = 2 for small data in some weighted modulation spaces. Later Chen-Deng-Ding-Fan [14,
Theorems 3.1, 1.5 and 1.6] have obtained some space-time estimates for semigroup e−t(−∆)
β/2
in modulation spaces. Further, they [14, Theorems 1.5 and 1.6] proved local and global well-
posedness (for small data) of (1.1) with any β > 0 in some weighted modulation spaces, see
also [32, Theorem 3]. In [25] authors have found some critical exponent in modulation spaces
and proved some local well-posedness and ill-posedness for (1.1) in weighted modulation
spaces. However, it seems there is no result concerning finite time blow up solutions of (1.1)
in modulation spaces so far.
In this paper, we consider the initial value problem for (1.1) with an initial data u0 ∈
Mp,1(Rd).Then, see Proposition 3.1 below, (1.1) has a unique solution u ∈ C([0, T ∗),Mp,1(Rd)),
where T ∗ = T ∗(‖u0‖Mp,1) denotes the maximal existence of time of solution. Moreover, we
have either
T ∗ =∞
or
T ∗ <∞ and lim
t→T∗
sup ‖u(t)‖Mp,1 =∞.
In the previous case, we say that the solution is global, while in the latter case we say that
the solution blows up in the Mp,1 norm in finite time and T ∗ is called the blow-up time.
We now state our main theorem.
Theorem 1.1 (Finite time blow-up in Mp,1). Suppose that k ∈ N, 0 < r, γ, β < ∞ and
rdvd ≥ 2d, vd is the volume of unit ball {x ∈ Rd : |x| ≤ 1}. Let û0 ≥ 0, û0 ≥ γχB0(r), u0 ∈
Mp,1(Rd) (1 ≤ p ≤ 2) and γk−1 ≥ 4rβ(k − 1)e. Then (1.1) has a unique blow-up solution in
Mp,1(Rd), that is, there exists a unique solution u(t) of (1.1) defined on [0, T ∗] such that
T ∗ <∞ and lim sup
t→T∗
‖u(t)‖Mp,1 =∞.
Remark 1.1. Following examples satisfies the hypothesis of Theorem 1.1.
(i) u0(x) = Ce
−2π|x|2 for C > k−1
√
4erβ(k − 1)e2πrβ , rdvd ≥ 1.
(ii) u0(x) = C
sinx
x
, x ∈ R, C = 1
π
k−1
√
4e(k − 1).
Remark 1.2. The cubic NLS
i∂tu+∆u = |u|2u
is locally [3] well-posed in Mp,1(Rd) but it is not yet clear whether it is globally well-posed or
there exist a blow-up solution, see for instance open question raised by Ruzhansky-Sugimoto-
Wang in [34, p.280]. On the other hand, Theorem 1.1 says that we can produce blow-up
solution of (1.1) in Mp,1(Rd) (1 ≤ p ≤ 2).
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We now turn our attention to (1.2). Carles [13, 12] have studied Cauchy problem for
NLS associated to harmonic oscillator H1. Lee-Rogers [29] proved almost convergence for
the solution of free NLS associated to H1 with initial data in some Sobolev spaces. Stinga-
Torrea [36, 37] derived point-wise formula and Schauder estimates forHβf(x). In [40] authors
have studied heat equation with inverse-square potential.
In [1, 2, 15] authors have studied the boundedness of fractional Schro¨dinger propogator
e−it(−∆)
β/2
inMp,q(Rd). On the other hand, many authors have studied Schro¨dinger equations
with generic potential, i.e., i∂tu− (−∆)α/2u+V (t, x), with V real valued, 0 < α ≤ 2. In [27,
Theorems 1.1 and 1.2] it is proved that when α = 2, V ∈ C∞(R×Rd) with quadratic growth
(or sub quadratic) in the sense that ∂βxV (t, x) ∈ L∞([0, T ]× Rd) for |β| ≥ 2 (or ∂βxV (t, x) ∈
L∞([0, T ] × Rd) for |β| ≥ 1) the corresponding propagator is bounded on Mp,p(Rd) (or
Mp,q(Rd)), 1 ≤ p, q ≤ ∞ (cf. [6, 16]). Cordero-Nocola-Rodino [17] have generalized this
result when the potential V (t, x) =
∑2
i=0 Vi(t, x) with certain derivatives of Vi in Sjo¨strand
class M∞,1(Rd). Bhimani et al. in [6] studied boundedness of Hermite multipleir on some
modulation spaces. Bhimani et al. in [5, 7] proved global well-posedness for Hartree and
Hartree-Fock equations associated to H1 in Mp,p(Rd) for some p. However, it seems there is
no results for space-time estimates for the solution of (1.2) in modulation spaces.
We now state following theorem.
Theorem 1.2. Let 1 ≤ p <∞ and β, t > 0. Then we have
‖e−tHβf‖Mp,p . Cβ 1
etdβ td/β
‖f‖Mp,p.
It is known that Schro¨dinger propagator e−itH
1
associated to harmonic oscillator preserves
modulation space norm ‖e−itH1f‖Mp,p = ‖f‖Mp,p, see [7, Theorem 5], [16, 17]. In view of
this, Theorem 1.2 reveals that spaces time-estimates for e−tH
β
contrasts with the space-time
estimates of e−itH . It is surprising to the author that the solution of (1.2) grow-up near
origin in the following sense.
Corollary 1.1. Let u(t, x) be the solution of (1.2). Then we have
‖u(x, t)‖Mp,p . 1
etdβ td/β
‖u0‖Mp,p.
Remark 1.3. We use transference result (see Proposition 4.1 below) to prove Theorem 1.2.
The analogue of Theorem 1.2 in Mp,q(Rd) (p 6= q) remains interesting open question.
This paper is organized as follows. In Section 2, we introduce notations and preliminaries
which will be used in the sequel. In particular, in Subsections 2.2 and 2.3, we introduce mod-
ulation spaces (and their properties) and review boundedness of fractional heat propagator
respectively. In Subsections 3.1 and 3.2 we introduce formal solution and local well-posedness
for (1.1). In Subsection 3.3, we prove Theorem 1.1. In Subsection 4.1, we introduce heat
propogator associated to fractional harmonic oscillator via spectral decomposition. In Sub-
section 4.2, we prove Theorem 1.2.
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2. Preliminaries
2.1. Notations. The notation A . B means A ≤ cB for some constant c > 0. The
symbol A1 →֒ A2 denotes the continuous embedding of the topological linear space A1 into
A2. If α = (α1, ..., αd) ∈ Nd is a multi-index, we set |α| =
∑d
j=1 αj, α! =
∏d
j=1 αj !. If
z = (z1, ..., zd) ∈ Cd, we put zα =
∏d
j=1 z
αj
j .The characteristic function of a set E ⊂ Rd is
χE(x) = 1 if x ∈ E and χE(x) = 0 if x /∈ E. Let I ⊂ R be an interval and X be a Banach
space of functions. Then the norm of the space-time Lebesgue space Lq(I,X) is defined by
‖u‖Lq(I,X) =
(∫
I
‖u(t)‖qXdt
)1/q
and when I = [0, T ), T > 0 we denote Lq(I,X) by LqT (X). The Schwartz class is denoted by
S(Rd) (with its usual topology), and the space of tempered distributions is denoted by S ′(Rd).
For x = (x1, · · · , xd), y = (y1, · · · , yd) ∈ Rd, we put x·y =
∑d
i=1 xiyi. Let F : S(Rd)→ S(Rd)
be the Fourier transform defined by
Ff(ξ) = f̂(ξ) = (2π)−d/2
∫
Rd
f(x)e−ix·ξdx, ξ ∈ Rd.
Then F is a bijection and the inverse Fourier transform is given by
F−1f(x) = f∨(x) = (2π)−d/2
∫
Rd
f(ξ) eix·ξdξ, x ∈ Rd.
The Fourier transform can be uniquely extended to F : S ′(Rd) → S ′(Rd). The Fourier-
Lebesgue spaces FLp(Rd) is defined by
FLp(Rd) =
{
f ∈ S ′(Rd) : ‖f‖FLp := ‖fˆ‖Lp <∞
}
.
The L∞(Rd) norm is ‖f‖L∞ = ess.supx∈Rd|f(x)|, the ℓq(Zd) norm is ‖an‖ℓq =
(∑
n∈Zd |an|q
)1/q
.
We denote d−dimensional torus by Td ≡ [0, 2π)d, and Lp(Td)−norm is denoted by
‖f‖Lp(Td) =
(∫
[0,2π)d
|f(t)|pdt
)1/p
.
We are starting by noting that there is a one-to-one correspondence between functions on
Rd that are 1-periodic in each of the coordinate directions and functions on torus Td, and we
may identify Td = Rd/Zd with [0, 1)d. Let D(Td) be the vector space C∞(Td) endowed with
the usual test function topology, and let D′(Td) be its dual, the space of distributions on Td.
Let S(Zd) denote the space of rapidly decaying functions Zd → C. Let FT : D(Td)→ S(Zd)
be the toroidal Fourier transform (hence the subscript T ) defined by
(FTf)(ξ) := fˆ(ξ) =
∫
Td
f(x)e−2πiξ·xdx (ξ ∈ Zd).
Then FT is a bijection and the inverse Fourier transform is given by
(F−1T f)(x) :=
∑
ξ∈Zd
fˆ(ξ)e2πiξ·x (x ∈ Td)
and this Fourier transform is extended uniquely to FT : D′(Td)→ S ′(Zd).
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2.2. Modulation spaces Mp,q. Feichtinger [19] introduced a class of Banach spaces, the so
called modulation spaces, which allow a measurement of space variable and Fourier transform
variable of a function or distribution on Rd simultaneously using the short-time Fourier
transform (STFT). The STFT of a function f with respect to a window function g ∈ S(Rd)
is defined by
Vgf(x, y) = (2π)
−d/2
∫
Rd
f(t)g(t− x) e−iy·t dt, (x, y) ∈ R2d
whenever the integral exists. For x, y ∈ Rd the translation operator Tx and the modulation
operator My are defined by Txf(t) = f(t − x) and Myf(t) = eiy·tf(t). In terms of these
operators the STFT may be expressed as
Vgf(x, y) = 〈f,MyTxg〉
where 〈f, g〉 denotes the inner product for L2 functions, or the action of the tempered distri-
bution f on the Schwartz class function g. Thus V : (f, g)→ Vg(f) extends to a bilinear form
on S ′(Rd)× S(Rd) and Vg(f) defines a uniformly continuous function on Rd × Rd whenever
f ∈ S ′(Rd) and g ∈ S(Rd).
Definition 2.1 (weighted modulation spaces). Let 1 ≤ p, q ≤ ∞, s ∈ R, and 0 6= g ∈ S(Rd).
The modulation space Mp,qs (R
d) is defined to be the space of all tempered distributions f for
which the following norm is finite:
‖f‖Mp,qs =
(∫
Rd
(∫
Rd
|Vgf(x, y)|pdx
)q/p
〈y〉sq dy
)1/q
,
for 1 ≤ p, q < ∞. If p or q is infinite, ‖f‖Mp,q is defined by replacing the corresponding
integral by the essential supremum. If s = 0, we simply write Mp,q0 (R
d) = Mp,q(Rd).
Applying the frequency-uniform localization techniques, one can get an equivalent def-
inition of modulation spaces [42] as follows. Let Qk be the unit cube with the center at
k, so {Qk}k∈Zd constitutes a decomposition of Rd, that is, Rd = ∪k∈ZdQk. Let ρ ∈ S(Rd),
ρ : Rd → [0, 1] be a smooth function satisfying ρ(ξ) = 1 if |ξ|∞ ≤ 12 and ρ(ξ) = 0 if |ξ|∞ ≥ 1.
Let ρk be a translation of ρ, that is,
ρk(ξ) = ρ(ξ − k) (k ∈ Zd).
Denote
σk(ξ) =
ρk(ξ)∑
l∈Zd ρl(ξ)
, (k ∈ Zd).
Then {σk(ξ)}k∈Zd satisfies the following properties
|σk(ξ)| ≥ c, ∀z ∈ Qk,
supp σk ⊂ {ξ : |ξ − k|∞ ≤ 1},∑
k∈Zd σk(ξ) ≡ 1, ∀ξ ∈ Rd,
|Dασk(ξ)| ≤ C|α|, ∀ξ ∈ Rd, α ∈ (N ∪ {0})d.
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The frequency-uniform decomposition operators can be defined by
k = F−1σkF .
For 1 ≤ p, q ≤ ∞, s ∈ R, it is known [19] that
‖f‖Mp,qs ≍
(∑
k∈Zd
‖k(f)‖qLp(1 + |k|)sq
)1/q
,(2.1)
with natural modifications for p, q = ∞. We notice almost orthogonality relation for the
frequency-uniform decomposition operators
k =
∑
‖ℓ‖∞≤1
k+ℓk (k, ℓ ∈ Zd)(2.2)
where ‖ℓ‖∞ = max{|ℓi| : ℓi ∈ Z, i = 1, ..., d}.
Remark 2.1.
(1) The definition of the modulation space given above, is independent of the choice of
the particular window function. See [23, Proposition 11.3.2(c)], [43].
(2) For a pair of functions f and the Gaussian Φ0(ξ) = π
−d/2e−
1
2
|ξ|2, the Fourier-Wigner
transform (FWT) of f and Φ0 is defined by
F (x, y) := 〈π(x+ iy)f,Φ0〉 =
∫
Rd
ei(x·ξ+
1
2
x·y)f(ξ + y)Φ0(ξ)dξ.
We say f ∈M q,ps (Rd) if
∥∥‖F (x, y)‖Lqy〈x〉s∥∥Lpx <∞.
Next we justify Remark 2.1(2): we shall see how the FWT and the STFT are related. We
consider the Heisenberg group Hd = Cd × R with the group law
(z, t)(w, s) =
(
z + w, t+ s+
1
2
Im(z · w¯)
)
.
Let π be the Schro¨dinger representation of the Heisenberg group which is realized on L2(Rd)
and explicitly given by
π(x, y, t)φ(ξ) = eitei(x·ξ+
1
2
x·y)φ(ξ + y)
where x, y ∈ Rd, t ∈ R, φ ∈ L2(Rd). The FWT of two functions f, g ∈ L2(Rd) is defined by
Wgf(x, y) = (2π)
−d/2〈π(x, y, 0)f, g〉.
We recall polarised Heisenberg group Hdpol which is just R
d × Rd × R with the group law
(x, y, t)(x′, y′, t′) = (x+ x′, y + y′, t+ t′ + x′ · y)
and the representation ρ(x, y, t) acting on L2(Rd) is given by
ρ(x, y, t)φ(ξ) = eiteix·ξφ(ξ + y), φ ∈ L2(Rd).
We now write the FWT in terms of the STFT: Specifically, we put ρ(x, y)φ(ξ) = eix·ξφ(ξ +
y), z = (x, y), and we have
〈π(z)f, g〉 = 〈π(x, y)f, g〉 = e i2x·y〈ρ(x, y)f, g〉 = e− i2x·yVgf(y,−x).(2.3)
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This useful identity (2.3) reveals that the definition of modulation spaces we have introduced
in Remark 2.1(2) and Definition 2.1 is essentially the same.
Lemma 2.1 (Basic Properties, see [43, 23, 34]). Let p, q, pi, qi ∈ [1,∞] (i = 1, 2), s, s1, s2 ∈ R.
Then
(1) Mp1,q1s1 (R
d) →֒ Mp2,q2s2 (Rd) whenever p1 ≤ p2 and q1 ≤ q2 and s2 ≤ s1.
(2) Mp,q1(Rd) →֒ Lp(Rd) →֒ Mp,q2(Rd) holds for q1 ≤ min{p, p′} and q2 ≥ max{p, p′}
with 1
p
+ 1
p′
= 1.
(3) Mmin{p
′,2},p(Rd) →֒ FLp(Rd) →֒ Mmax{p′,2},p(Rd), 1
p
+ 1
p′
= 1.
(4) S(Rd) is dense in Mp,q(Rd) if p and q <∞.
(5) The Fourier transform F : Mp,ps (Rd)→Mp,ps (Rd) is an isomorphism.
(6) The space Mp,qs (R
d) is a Banach space.
Proof. For the proof of statements (1), (2), (3) and (4), see [23, Theorem 12.2.2], [39, Propo-
sition 1.7] , [18, Corollary 1.1] and [23, Proposition 11.3.4] respectively. The proof for the
statement (5) can be derived from the fundamental identity of time-frequency analysis:
Vgf(x, w) = e
−2πix·w Vĝf̂(w,−x),
which is easy to obtain. 
Proposition 2.1 (Algebra property, see [1] and Corollary 2.7 in [3]). Let p, q, pi, qi ∈ [1,∞]
(i = 0, 1, 2) satisfy 1
p1
+ 1
p2
= 1
p0
and 1
q1
+ 1
q2
= 1 + 1
q0
. Then Mp1,q1(Rd) · Mp2,q2(Rd) →֒
Mp0,q0(Rd) with norm inequality
‖fg‖Mp0,q0 . ‖f‖Mp1,q1‖g‖Mp2,q2 .
In particular, Mp,1(Rd) is an algebra under pointwise multiplication with norm inequality
‖fg‖Mp,1 . ‖f‖Mp,1‖g‖Mp,1.
We refer to [23] for a classical foundation of these spaces and [43, 34] for some recent
developments for nonlinear dispersive equations and the references therein.
2.3. Linear estimates. For f ∈ S(Rd), we define fractional heat propagator as follows
Uβ(t)f(x) = e
t(−∆)β/2f(x) = (2π)−d/2
∫
Rd
e−t|ξ|
β
fˆ(ξ)eix·ξdξ (x ∈ Rd, t ∈ R, 0 < β <∞).
The next proposition shows that the uniform boundedness of Uβ on modulation spaces.
Specifically, we have following
Proposition 2.2. Let 1 ≤ p, q ≤ ∞ and 0 < β <∞. Then, for f ∈Mp,q(Rd), we have
‖Uβ(t)f‖Mp,q . ‖f‖Mp,q .
Proof. We sketch the proof, for detail see [14, Theorem 3.1]. By (2.1), we have
‖Uβ(t)f‖Mp,q .
∑
|k|<10
‖kUβ(t)f‖qLp
1/q +
∑
|k|≥10
‖kUβ(t)f‖qLp
1/q .
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By (2.2), for |k ≥ 10, we have
kUβ(t)f =
∑
‖ℓ‖∞≤1
k+ℓkUβ(t)f.
Using this, Young inequality and [14, Lemma 3.1] give
‖kUβ(t)f‖Lp .
∑
|ℓ|∞≤1
‖(σk+ℓe−t|ξ|β)∨‖L1‖kf‖Lp . ‖kf‖Lp.
Exploiting the proof of [14, Lemma 3.5], we may obtain ‖kUβ(t)f‖Lp . ‖kf‖Lp for |k| <
10. Combining the above inequalities, we obtain the desired inequality. 
3. The fractional laplacian (−∆)β/2
In this section we prove Theorem 1.1. We start with introducing the formal solution of
(1.1) in the next subsection.
3.1. The formal solution of fractional heat equation. In this subsection, we introduce
the formal solution of fractional heat equation (1.1). Assume that k = 2 and
u1(t) = Uβ(t)u0,
u2(t) =
∫ t
0
Uβ(t− s)u21ds,
u3(t) =
∫ t
0
Uβ(t− s)2u1u2ds,
....,
u2n(t) =
∫ t
0
Uβ(t− s)(2u1u2n−1 + · · ·+ 2un−1un+1 + u2n)ds,
u2n+1(t) =
∫ t
0
Uβ(t− s)(2u1u2n + · · ·+ 2un−1un+2 + 2unun+1)ds,
· · · .
Then u =
∑∞
i=1 ûi (formal solution) formally satisfies the integral equation
u(t) = Uβ(t)u0 +
∫ t
0
Uβ(t− s)u2(s)ds.
In fact, we have
∞∑
i=1
ûi = û1 +
∫ t
0
e−(t−s)|ξ|
βF(u21)ds+
∫ t
0
e−(t−s)|ξ|
βF(2u1u2)ds+ ...
+
∫ t
0
e−(t−s)|ξ|
βF(2u1u2n + ... + 2unun+1)ds+ ..
= û1 +
∫ t
0
e−(t−s)|ξ|
βF(u21 + 2u1u2 + ...)ds
= û1 +
∫ t
0
e−(t−s)|ξ|
βF
( ∞∑
i=1
ui
)2
ds.
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By taking inverse Fourier transform on two sides, we can obtain that
u(t) = Uβ(t)u0 +
∫ t
0
Uβ(t− s)u2ds.
Remark 3.1. The formal analysis (formal solution for (1.1)) performed above will be made
rigorous in the following subsections.
Lemma 3.1. For f(u) = uk, assume
u1(t) = Uβ(t)u0,
uk(t) =
∫ t
0
Uβ(t− s)uk1ds,
u2k−1(t) =
∫ t
0
Uβ(t− s)C1kuk−11 ukds,
u3k−2(t) =
∫ t
0
Uβ(t− s)(C2kuk−21 u2k + C1kuk−11 u2k−1)ds,
u4k−3(t) =
∫ t
0
Uβ(t− s)(C3kuk−11 u3k + C1kuk−11 u3k−2)ds,
· · ·
ujk−(j−1)(t) =
∫ t
0
Uβ(t− s)
∑
Λj
(ui1...uik)
 ds,
...,
where
Λj = {(i1, ..., ik) : i1 + · · ·+ ik = jk − (j − 1), im = tk − (t− 1), 0 ≤ t < j, t ∈ N, m = 1, ..., k} .
Then u =
∑∞
i=1 uik−(i−1) (formal solution) formally satisfies the integral equation
u(t) = Uβ(t)u0 +
∫ t
0
Uβ(t− s)f(u(s))ds.
3.2. Local well-posedness in Mp,1.
Proposition 3.1 (local well-posedness). Assume that u0 ∈ Mp,1(Rd) (1 ≤ p ≤ ∞). Then
there exists T1 > 0 such that (1.1) has a unique solution u ∈ C([0, T1),Mp,1(Rd)).
Proof. By Duhamle principle, (1.1) can be rewritten as
(3.1) u(·, t) = Uβ(t)u0 +
∫ t
0
Uβ(t− s)f(u)ds := J (u),
where Uβ(t) = e
−t(−∆)β/2 . We show that the mapping J has a unique fixed point in an
appropriate functions space, for small t. For this, we consider the Banach space XT =
C([0, T ],Mp,1(Rd)), with norm
‖u‖XT = sup
t∈[0,T ]
‖u(·, t)‖Mp,1 , (u ∈ XT ).
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By Minkowski’s inequality for integrals and Propositions 2.2 and 2.1, we obtain∥∥∥∥∫ t
0
Uβ(t− s)uk(s) ds
∥∥∥∥
Mp,1
≤ T ‖uk(t)‖Mp,1
≤ T‖u‖kC([0,T ],Mp,1).
By Proposition 2.2, and using above inequality, we have
‖J u‖C([0,T ],Mp,1) ≤ ‖u0‖Mp,1 + cT‖u‖kMp,1,
for some universal constant c. For M > 0, put
BT,M = {u ∈ C([0, T ], X)) : ‖u‖C([0,T ],Mp,1) ≤M},
which is the closed ball of radius M , and centered at the origin in C([0, T ], X). Next, we
show that the mapping J takes BT,M into itself for suitable choice of M and small T > 0.
Indeed, if we let, M = 2‖u0‖Mp,1 and u ∈ BT,M , it follows that
‖J u‖C([0,T ],Mp,1) ≤ M
2
+ cTM3.
We choose a T such that cTM2 ≤ 1/2, that is, T ≤ T˜ (‖u0‖Mp,1) and as a consequence we
have
‖J u‖C([0,T ],Mp,1) ≤ M
2
+
M
2
= M,
that is, J u ∈ BT,M . By Proposition 2.1, and the arguments as before, we obtain
‖J u−J v‖C([0,T ],Mp,1) ≤ 1
2
‖u− v‖C([0,T ],Mp,1).
Therefore, using the Banach’s contraction mapping principle, we conclude that J has a fixed
point in BT,M which is a solution of (3.1). 
3.3. Finite time blow-up in Mp,1. In this subsection, we prove Theorem 1.1. To this end,
we start with flowing technical lemmas.
Lemma 3.2. There exists ǫ0 such that if T2‖u1‖L∞T2 (Mp,1) < T2‖u0‖Mp,1 < ǫ0 then
∞∑
i=1
‖ui‖L∞T2 (Mp,1) <∞.
Proof. Taking notations of Subsection 3.1 and Proposition 2.2 into account, we have
‖u1(t)‖L∞T2 (Mp,1) = ‖Uβu0(t)‖L∞T2 (Mp,1) ≤ C‖u0‖Mp,1,
‖u2(t)‖L∞T2 (Mp,1) ≤
∥∥∥∥∫ t
0
‖Uβ(t− s)u21‖Mp,1ds
∥∥∥∥
L∞T2
≤ C0
∥∥∥∥∫ t
0
‖u1‖2Xds
∥∥∥∥
L∞T2
≤ C0T2‖u1‖2L∞T2 (Mp,1),
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‖u3(t)‖L∞T2 (Mp,1) ≤
∥∥∥∥∫ t
0
‖Uβ(t− s)(2u1u2)‖Mp,1ds
∥∥∥∥
L∞T2
≤ 2C0
∥∥∥∥∫ t
0
‖u1u2‖Mp,1ds
∥∥∥∥
L∞T2
≤ 2C0T2‖u1‖L∞T2 (Mp,1)‖u2‖L∞T2 (Mp,1),
‖u4(t)‖L∞T2 (Mp,1) ≤
∥∥∥∥∫ t
0
‖Uβ(t− s)(2u1u3 + u22)‖Mp,1ds
∥∥∥∥
L∞T2
≤ 2C0
∥∥∥∥∫ t
0
‖2u1u3 + u22‖Mp,1ds
∥∥∥∥
L∞T2
≤ 2C0T2‖u1‖L∞T2 (Mp,1)‖u3‖L∞T2 (Mp,1)
+C0T2‖u2‖2L∞T2 (Mp,1),
· · · .
Notice that the norm ‖u2‖L∞T2 (Mp,1) can be controlled by the norm ‖u1‖L∞T2 (Mp,1) and so the
norms of ‖ui‖L∞T2 (Mp,1) also can be controlled by ‖u1‖L∞T2 (Mp,1). In view of this, we have
∞∑
i=1
‖ui‖L∞T2(Mp,1) ≤ S
where
S := ‖u1(t)‖L∞T2 (Mp,1) + C0T2‖u1‖
2
L∞T2
(Mp,1) + C0T2‖u1‖L∞T2 (Mp,1)‖u2‖L∞T2 (Mp,1) + · · · .
Next we claim that there exists ǫ0 such that if the initial data T2‖u0‖Mp,1 < ǫ0, then S <∞.
To justify the claim, we let
C =
1
2C0T2
, a1 = ‖u1(t)‖L∞T2 (Mp,1), a2i =
i∑
j=1
aja2i−j and a2i+1 =
i∑
j=1
aja2i+1−j .
Then we have
S ≤
∑
m
1
Cm−1
am ∼
∑
m
1
Cm
am.
Then, by induction, we can obtain that there exists ǫ0 such that if T2‖u0‖Mp,1 < ǫ0, then∑∞
i=1
ai
Ci
<
∑∞
i=1
1
i1+ǫ
< ∞ (ǫ to be decided). Indeed, if for any m ≤ 2i, am < Cmm1+ǫ , then we
HEAT EQUATION WITH FRACTIONAL: LAPLACIAN AND HARMONIC OSCILLATOR 13
have
a2i+1 ≤ a1 C
2i
(2i)1+ǫ
+ a2
C2i−1
(2i− 1)1+ǫ + · · ·+
C2i+1
(i(i+ 1))1+ǫ
≤ a1 C
2i+1
C(2i)1+ǫ
+ a2
C2i+1
C2(2i− 1)1+ǫ + · · ·
+
C2i+1
(j(2i+ 1− j))1+ǫ · · ·+
C2i+1
(i(i+ 1))1+ǫ
≤ a1 C
2i+1
C(2i)1+ǫ
+ a2
C2i+1
C2(2i− 1)1+ǫ +
i∑
j=3
C2i+1
(j(2i+ 1− j))1+ǫ
≤ a1(2i+ 1)
1+ǫ
C(2i)1+ǫ
C2i+1
(2i+ 1)1+ǫ
+
a2(2i+ 1)
1+ǫ
C2(2i− 1)1+ǫ
C2i+1
(2i+ 1)1+ǫ
+
i∑
j=3
(2i+ 1)1+ǫ
(j(2i+ 1− j))1+ǫ
C2i+1
(2i+ 1)1+ǫ
<
C2i+1
(2i+ 1)1+ǫ
.
Choose ǫ > 0 so a1(2i+1)
1+ǫ
C(2i)1+ǫ
< 1/3, a2(2i+1)
1+ǫ
C2(2i−1)1+ǫ < 1/3 and
∑i
j=3
(2i+1)1+ǫ
(j(2i+1−j))1+ǫ < 1/3 and hence
we may obtain the claim. Taking these observation into account, there exits ǫ0 such that if
T2‖u0‖Mp,1 < ǫ0, then u(t) =
∑∞
i=1 ui(t) ∈ L∞([0, T2),Mp,1(Rd)). 
Lemma 3.3. Let T1 and T2 be as in Proposition 3.1 and Lemma 3.2. For T = min{T1, T2}, u(t) =∑∞
i=1 ui(t) ∈ L∞([0, T ),Mp,1(Rd)) satisfies the integral equation
u(t) = Uβ(t)u+
∫ t
0
Uβ(t− s)u2ds.
Proof. We claim that
(3.2) lim
M→∞
∫ t
0
Uβ(t− s)
(
M∑
i=1
ui
)(
M∑
i=1
ui
)
ds =
∫ t
0
Uβ(t− s)
((∑
i∈N
ui
)(∑
i∈N
ui
))
ds
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in XT := L
∞([0, T ),Mp,1(Rd)). By the definition of ui in the formal solution and û0 ≥ 0, we
have
D :=
∥∥∥∥∥
∫ t
0
Uβ(t− s)
((∑
i∈N
ui
)(∑
i∈N
ui
))
ds−
∫ t
0
Uβ(t− s)
(
M∑
i=1
ui
)(
M∑
i=1
ui
)
ds
∥∥∥∥∥
XT
=
∥∥∥∥∥
∫ t
0
Uβ(t− s)
((∑
i∈N
ui
)(∑
i∈N
ui
))
ds−
∫ t
0
Uβ(t− s)
(
M∑
i=1
ui
)(∑
i∈N
ui
)
ds
∥∥∥∥∥
XT
+
∥∥∥∥∥
∫ t
0
Uβ(t− s)
((
M∑
i=1
ui
)(∑
i∈N
ui
))
ds−
∫ t
0
Uβ(t− s)
((
M∑
i=1
ui
)(
M∑
i=1
ui
))
ds
∥∥∥∥∥
XT
.
∥∥∥∥∥
∫ t
0
Uβ(t− s)
(( ∞∑
i=M+1
ui
)(∑
i∈N
ui
))
ds
∥∥∥∥∥
XT
+
∥∥∥∥∥
∫ t
0
Uβ(t− s)
((
M∑
i=1
ui
)( ∞∑
i=M+1
ui
))
ds
∥∥∥∥∥
XT
≤ 2C0
∥∥∥∥∥
∞∑
i=M+1
ui
∥∥∥∥∥
XT
.
In view of this and Lemma 3.2, we have that for any small ǫ > 0, there exist N such that
for any M > N,D < ǫ. This proves (3.2). Next, we show that
(3.3) lim
M→∞
∫ t
0
Uβ(t− s)
(
M∑
i=1
ui
)(
M∑
i=1
ui
)
ds = lim
M→∞
∫ t
0
Uβ(t− s)
(
M∑
i=2
i−1∑
j=1
uju(i−j)
)
ds
in XT . Indeed, by Lemma 3.2 and the similar argument as above, we have
E :=
∥∥∥∥∥
∫ t
0
Uβ(t− s)
(
M∑
i=1
ui
)(
M∑
i=1
ui
)
ds−
∫ t
0
Uβ(t− s)
(
M∑
i=2
i−1∑
j=1
uju(i−j)
)
ds
∥∥∥∥∥
XT
≤
∥∥∥∥∥∥
∫ t
0
Uβ(t− s)
(
M∑
i=1
ui
)(
M∑
i=1
ui
)
ds−
∫ t
0
Uβ(t− s)
 [M2 ]∑
i=1
ui
 [M2 ]∑
i=1
ui
 ds
∥∥∥∥∥∥
XT
+
∥∥∥∥∥∥
∫ t
0
Uβ(t− s)
 [M2 ]∑
i=1
ui
 [M2 ]∑
i=1
ui
 ds− ∫ t
0
Uβ(t− s)
(
M∑
i=2
i−1∑
j=1
uju(i−j)
)
ds
∥∥∥∥∥∥
XT
≤ 2C0
∥∥∥∥∥∥
2M∑
i=[M
2
]+1
ui
∥∥∥∥∥∥
XT
+ C0
2M∑
i=[M
2
]+1
‖ui‖XT .
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From this (3.3) follows. Taking (3.2), (3.3) and definition of ui in the formal solution (Sub-
section 3.1) into account, we obtain∑
i∈N
ui = Uβ(t)u0 + lim
M→∞
M∑
i=2
ui
= Uβ(t)u0 + lim
M→∞
M∑
i=2
∫ t
0
Uβ(t− s)
(
i−1∑
q=1
uqui−q
)
ds
= Uβ(t)u0 + lim
M→∞
∫ t
0
Uβ(t− s)
(
M∑
i=2
i−1∑
q=1
uqui−q
)
ds
in XT . By the above argument, we can obtain that
u(t) =
∞∑
i=1
ui(t) ∈ L∞([0, T ),Mp,1(Rd))
is a solution of (1.1). 
Let T be as in Lemma 3.3 and u(T ) be the initial data, by repeating previous process
(Proposition 3.1 and Lemmas 3.2 and 3.3), we can obtain t2 such that u(t) =
∑
j=1 aj ∈
L∞([T, t2),Mp,1(Rd)) is a unique solution of the integral equation
u(t) = Uβ(t)u+
∫ t
0
Uβ(t− s)u2ds,
where, for T < t < t2,
a1(t) = Uβ(t− T )uT ,
a2(t) =
∫ t
T
Uβ(t− s)a21ds,
a3(t) =
∫ t
T
Uβ(t− s)2(a1a2)ds,
a4(t) =
∫ t
T
Uβ(t− s)(2a1a3 + a22)ds,
a5(t) =
∫ t
T
Uβ(t− s)(2a1a4 + 2a2a3)ds,
· · · ,
a2m(t) =
∫ t
T
Uβ(t− s)(2a1a2m−1 + · · ·+ 2am−1am+1 + a2m)ds,
a2m+1(t) =
∫ t
T
Uβ(t− s)(2a1a2m + · · ·+ 2am−1am+2 + 2amam+1)ds,
· · · .
Step by step we can obtain a sequence {tj}∞j=0, t0 = 0, t1 = T and tj → T ∗ such that for
every 0 ≤ i <∞ and ti < t < ti+1, u(t) =
∑
j=1 aj(t) ∈ L∞([ti, ti+1),Mp,1(Rd)) is the unique
solution of integral equation
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u(t) = Uβ(t− ti)u(ti) +
∫ ti+1
ti
Uβ(t− s)u2ds,
where, for ti < t < ti+1,
a1(t) = Uβ(t− ti)u(ti),
a2(t) =
∫ t
ti
Uβ(t− s)a21ds,
a3(t) =
∫ t
ti
Uβ(t− s)2(a1a2)ds,
a4(t) =
∫ t
ti
Uβ(t− s)(2a1a3 + a22)ds,
a5(t) =
∫ t
ti
Uβ(t− s)(2a1a4 + 2a2a3)ds,
· · · ,
a2m(t) =
∫ t
ti
Uβ(t− s)(2a1a2m−1 + · · ·+ 2am−1am+1 + a2m)ds,
a2m+1(t) =
∫ t
ti
Uβ(t− s)(2a1a2m + · · ·+ 2am−1am+2 + 2amam+1)ds,
· · · .
In this way, we can obtain u(t) =
∑
j=1 aj(t) ∈ L∞([0, T ∗),Mp,1(Rd)) is the unique solution
of integral equation
u(t) = Uβ(t)u+
∫ t
0
Uβ(t− s)u2ds.(3.4)
Moreover, if T ∗ <∞, then
‖u(t)‖L∞([0,T ∗),Mp,1) =∞.
By the similar argument as above we can obtain the corresponding results for f(u) = uk.
Lemma 3.4. Let u0 ∈Mp,1(Rd) and û0 ≥ 0. Then
∞∑
j=1
âj(t) ≥
∞∑
j=1
ûj(t),
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where
u1(t) = Uβ(t)u0,
u2(t) =
∫ t
0
Uβ(t− s)u21ds,
u3(t) =
∫ t
0
Uβ(t− s)2u1u2ds =
∫ t
0
Uβ(t− s)
∑
Λ3
ui1ui2ds,
· · · ,
u2n(t) =
∫ t
0
Uβ(t− s)(2u1u2n−1 + · · ·+ 2un−1un+1 + u2n)ds
=
∫ t
0
Uβ(t− s)
∑
Λ2n
ui1ui2ds,
u2n+1(t) =
∫ t
0
Uβ(t− s)(2u1u2n + · · ·+ 2un−1un + 2unun+1)ds
=
∫ t
0
Uβ(t− s)
∑
Λ2n+1
ui1ui2ds,
· · · ,
and Λj = {(i1, i2) : i1 + i2 = j, im ∈ N, m = 1, 2}. Actually, by the fact that for 0 ≤ t <
T ∗,
∑
j=1 âj ∈ L1(Rd), we have
∑
j=1 âj = F
(∑
j=1 aj(t)
)
. So,
∑
j=1 ûj(t) and
∑
j=1 âj(t)
are positive term series. Moreover, by {ûj(t)}∞j=1 is the rearrangement of {âj(t)}∞j=1.
Proof. We just prove that
∑∞
j=1 ûj ≤
∑∞
j=1 âj . For t1 = T < t < t2, by
∑∞
j=1 aj(t) ∈
L∞([0, T ),Mp,1(Rd)) satisfies the integral heat equation (3.4), we have
â1(t) = e
−(t−T )|ξ|β û(T )
= e−(t−T )|ξ|
βF
(
Uβ(T )u0 +
∫ T
0
Uβ(T − s)u2(s)ds
)
= e−t|ξ|
β
û0 +
∫ T
0
e−(t−s)|ξ|
β
( ∞∑
j=1
âj(s)
)
∗
( ∞∑
j=1
âj(s)
)
ds
= e−t|ξ|
β
û0 +
∞∑
j=1
∫ T
0
e−(t−s)|ξ|
β
∑
Λj
âi1 ∗ âi2ds,
â2(t) =
∫ t
T
e−(t−s)|ξ|
β
(â1 ∗ â1)ds,
· · ·
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âi(t) =
∫ t
T
e−(t−s)|ξ|
β
∑
Λi
âi1 ∗ âi2ds,
· · ·
Moreover, by âi(t) = ûi(t) for 0 ≤ t ≤ T, we have
û1(t) = e
−t|ξ|β û0,
û2(t) =
∫ t
0
e−(t−s)|ξ|
β
(û1 ∗ û1)ds
=
∫ T
0
e−(t−s)|ξ|
β
(û1 ∗ û1)ds+
∫ t
T
e−(t−s)|ξ|
β
(û1 ∗ û1)ds
=
∫ T
0
e−(t−s)|ξ|
β
(â1 ∗ â1)ds+
∫ t
T
e−(t−s)|ξ|
β
(û1 ∗ û1)ds,
û3(t) =
∫ t
0
e−(t−s)|ξ|
β
2(û1 ∗ û2)ds
=
∫ T
0
e−(t−s)|ξ|
β
2(û1 ∗ û2)ds+
∫ t
T
e−(t−s)|ξ|
β
2(û1 ∗ û2)ds
=
∫ T
0
e−(t−s)|ξ|
β
2(â1 ∗ â2)ds
+
∫ t
T
e−(t−s)|ξ|
β
2(û1 ∗
∫ T
0
e−(s−s1)|ξ|
β
(â1 ∗ â1)ds1)ds
+
∫ t
T
e−(t−s)|ξ|
β
2(û1 ∗
∫ t
T
e−(s−s1)|ξ|
β
(û1 ∗ û1)ds1)ds,
· · · .
Note that
∫ T
0
e−(t−s)|ξ|
β
2(â1 ∗ â1)ds and
∫ T
0
e−(t−s)|ξ|
β
2(â1 ∗ â2)ds are expansion term of â1,∫ t
T
e−(t−s)|ξ|
β
(û1 ∗ û1)ds and
∫ t
T
e−(t−s)|ξ|
β
2(û1 ∗
∫ T
0
e−(s−s1)|ξ|
β
(û1 ∗ û1)ds1)ds are the expansion
term of â2,... Then by induction
u2n(t) =
∫ t
0
Uβ(t− s)(2u1u2n−1 + ...+ 2un−1un+1 + u2n)ds
=
∫ t
0
Uβ(t− s)
∑
Λ2n
ui1ui2ds,
u2n+1(t) =
∫ t
0
Uβ(t− s)(2u1u2n + ...+ 2un−1un + unun+1)ds
=
∫ t
0
Uβ(t− s)
∑
Λ2n+1
ui1ui2ds,
.....
and comparing the expansion term of âi and ûi (by splitting the integral
∫ t
0
into
∫ T
0
and
∫ t
T
),
it is easy to see that every expansion term of ûi is a expansion term of âi. (Here, the every
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expansion term is positive.) Then, by induction, we have
∑
j=1 ûj ≤
∑∞
j=1 âj ∈ L1(Rd) for
0 < t < T ∗. We have F
(∑∞
j=1 uj
)
=
∑∞
j=1 ûj and∥∥∥∥∥
∞∑
j=1
uj
∥∥∥∥∥
L∞loc([0,T
∗),Mp,1)
≤
∥∥∥∥∥
∞∑
j=1
aj
∥∥∥∥∥
L∞loc([0,T
∗),Mp,1)
Moreover, by the dominated convergence theorem, we have∥∥∥∥∥
∞∑
j=1
uj
∥∥∥∥∥
L∞loc([0,T
∗),Mp,1)
=
∥∥∥∥∥
∞∑
j=1
‖uj‖Mp,1
∥∥∥∥∥
L∞loc[0,T
∗)
.

Lemma 3.5. There exists 0 < T <∞ such that∥∥∥∥∥
∞∑
j=1
uj
∥∥∥∥∥
L∞([0,T ),Mp,1)
=∞.
Proof. Let
Ex,y =
{
x, y ∈ Rd : |x|β ≤ |x− y|β + |y|β} ,
and
Fx,y =
{
x, y ∈ Rd : |x|β ≥ |x− y|β + |y|β} .
By û0 ≥ 0, û0 ≥ γχB0(r) and rdvd ≥ 2d (which implies that
∫
Rd
χB0(r)(ξ − y)χB0(r)(y)dy ≥
χB0(r)(ξ)), we have
û1(t) = e
−t|ξ|β û0 ≥ e−t|ξ|βγχB0(r) = a1(t, ξ),(3.5)
û2(t) =
∫ t
0
FUβ(t− s)u21ds =
∫ t
0
e−(t−s)|ξ|
βF(u21)ds
=
∫ t
0
e−(t−s)|ξ|
β
(
(e−s|ξ|
β
û0) ∗ (e−s|ξ|β û0)
)
ds
=
∫ t
0
e−(t−s)|ξ|
β
∫
Rd
e−s|ξ−y|
β
e−s|y|
β
û0(ξ − y)û0(y)dyds
≥ γ2
∫ t
0
e−(t−s)|ξ|
β
∫
Rd
e−s|ξ−y|
2
e−s|y|
β
χB0(r)(ξ − y)χB0(r)(y)dyds
= γ2
∫ t
0
e−(t−s)|ξ|
β
∫
Rd
e−s|ξ−y|
β
e−s|y|
β
(
χB0(r)(ξ − y)χB0(r)(y) |Eξ,y +χB0(r)(ξ − y)χB0(r)(y) |Fξ,y
)
dyds.
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Notice that for ξ, y ∈ Ex,y and 0 < s < t, we have e−(t−s)|ξ|βe−s|ξ−y|βe−s|y|β & e−t|ξ−y|βe−t|y|β .
Similarly, for ξ, y ∈ Fx,y, we have e−(t−s)|ξ|βe−s|ξ−y|βe−s|y|β & e−t|ξ|β .
û2(t) & γ
2
∫ t
0
∫
Rd
e−t|ξ−y|
β
e−t|y|
β
χB0(r)(ξ − y)χB0(r)(y) |Eξ,y dyds
+γ2e−t|ξ|
β
∫ t
0
∫
Rd
χB0(r)(ξ − y)χB0(r)(y) |Fξ,y dyds
= γ2t
∫
Rd
e−t|ξ−y|
β
e−t|y|
β
χB0(r)(ξ − y)χB0(r)(y) |Eξ,y dy
+γ2te−t|ξ|
β
∫
Rd
χB0(r)(ξ − y)χB0(r)(y) |Fξ,y dy
& γ2te−2r
βte−t|ξ|
β
∫
Rd∩Eξ,y
χB0(r)(ξ − y)χB0(r)(y)dy
+γ2te−t|ξ|
β
∫
Rd∩Fξ,y
χB0(r)(ξ − y)χB0(r)(y)dy
& γ2te−2r
βte−t|ξ|
β
∫
Rd
χB0(r)(ξ − y)χB0(r)(y)dy(3.6)
& γ2te−2r
βte−t|ξ|
β
χB0(r)(ξ)
= a2(t, ξ),
By (3.5) and (3.6), we have
û3(t) =
∫ t
0
FUβ(t− s)(2u1u2)ds =
∫ t
0
e−(t−s)|ξ|
βF(u1u2)ds
= 2
∫ t
0
e−(t−s)|ξ|
β
(û1 ∗ û2) ds
≥ 2γ
∫ t
0
e−(t−s)|ξ|
β
(
(e−s|ξ|
β
χB0(r)) ∗ (û2)(s, ξ)
)
ds
= 2γ
∫ t
0
e−(t−s)|ξ|
β
∫
Rd
e−s|ξ−ξ1|
β
χB0(r)(ξ − ξ1)û2(s, ξ1)dξ1ds
& γ3e−2r
βt
∫ t
0
e−(t−s)|ξ|
β
s
∫
Rd
e−s|ξ−ξ1|
β
χB0(r)(ξ − ξ1)∫
Rd
e−s|ξ1|
β
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1ds
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Dividing the integral into two parts and arguing as before, we obtain
û3(t) & γ
3e−4r
βt
∫ t
0
s{e−t|ξ|β
∫
Rd∩Fξ,ξ1
χB0(r)(ξ − ξ1)
∫
Rd
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1
+
∫
Rd∩Eξ,ξ1
e−t|ξ−ξ1|
β
χB0(r)(ξ − ξ1)e−t|ξ1|
β
∫
Rd
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1}ds
= γ3e−4r
βtt2{e−t|ξ|β
∫
Rd∩Fξ,ξ1
χB0(r)(ξ − ξ1)
∫
Rd
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1
+
∫
Rd∩Eξ,ξ1
e−t|ξ−ξ1|
β
χB0(r)(ξ − ξ1)e−t|ξ1|
β
∫
Rd
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1}
& γ3e−4r
βtt2e−t|ξ|
β
∫
Rd∩Fξ,ξ1
χB0(r)(ξ − ξ1)
∫
Rd
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1
+γ3e−8r
βtt2e−t|ξ|
β
∫
Rd∩Eξ,ξ1
χB0(r)(ξ − ξ1)χB0(r)(ξ1)
∫
Rd
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1
& γ3e−8r
βtt2e−t|ξ|
β
∫
Rd
χB0(r)(ξ − ξ1)χB0(r)(ξ1)
∫
Rd
χB0(r)(ξ1 − y)χB0(r)(y)dydξ1
& γ3e−8r
βtt2e−t|ξ|
β
χB0(r)(ξ)
= a3(t, ξ),
· · · ,
û2n(t) =
∫ t
0
FUβ(t− s)(2u1u2n−1 + · · ·+ 2un−1un+1 + u2n)ds
=
∫ t
0
e−(t−s)|ξ|
βF(2u1u2n−1 + · · ·+ 2un−1un+1 + u2n)ds
≥
∫ t
0
e−(t−s)|ξ|
β
(2a1(s, ξ) ∗ a2n−1(s, ξ) + · · ·
+2an−1(s, ξ) ∗ an+1(s, ξ) + an(s, ξ) ∗ an(s, ξ))ds
= a2n(t, ξ),
û2n+1(t) =
∫ t
0
FUβ(t− s)(2u1u2n + · · ·+ 2un−1un+2 + 2unun+1)ds
=
∫ t
0
e−(t−s)|ξ|
βF(2u1u2n + · · ·+ 2un−1un+2 + 2unun+1)ds
≥
∫ t
0
e−(t−s)|ξ|
β
(2a1(s, ξ) ∗ a2n(s, ξ) + · · ·
+2an−1(s, ξ) + an+2(s, ξ) ∗ 2an(s, ξ) ∗ an+1(s, ξ))ds
= a2n+1(t, ξ),
· · · .
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So we have
a2n(t, ξ) =
∫ t
0
e−(t−s)|ξ|
β
(2a1(s, ξ) ∗ a2n−1(s, ξ) + · · ·
+2an−1(s, ξ) ∗ an+1(s, ξ) + an(s, ξ) ∗ an(s, ξ))ds,
a2n+1(t, ξ) =
∫ t
0
e−(t−s)|ξ|
β
(2a1(s, ξ) ∗ a2n(s, ξ) + · · ·
+2an−1(s, ξ) ∗ an+2(s, ξ) + 2an(s, ξ) ∗ an+1(s, ξ))ds.
Firstly, we have a1(t, ξ) = γe
−t|ξ|βχB0(r)(ξ). Secondly, if
ai(t, ξ) ≥ γie−4rβ(i−1)tti−1e−t|ξ|βχB0(r)(ξ)
for i < 2n, then we have
a2n(t, ξ) =
∫ t
0
e−(t−s)|ξ|
β
(2a1(s, ξ) ∗ a2n−1(s, ξ) + · · ·
+2an−1(s, ξ) ∗ an+1(s, ξ) + an(s, ξ) ∗ an(s, ξ))ds
=
∫ t
0
e−(t−s)|ξ|
β
(2
∫
Rd
a1(s, ξ − y)a2n−1(s, y)dy + · · ·
+2
∫
Rd
an−1(s, ξ − y)an+1(s, y)dy +
∫
Rd
an(s, ξ − y)an(s, y)dy)ds
≥ (2n− 1)γ2n
∫ t
0
e−(t−s)|ξ|
β
∫
Rd
s2n−2e−4r
β(2n−2)se−s|ξ−y|
β
e−s|y|
β
χB0(ξ − y)χB0(r)(y)dyds
≥ (2n− 1)γ2ne−4rβ(2n−2)t
∫ t
0
s2n−2e−(t−s)|ξ|
β
∫
Rd
e−s|ξ−y|
β
e−s|y|
β
χB0(ξ − y)χB0(r)(y)dyds
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Dividing integral into two parts as before, we have
a2n(t, ξ) ≥ (2n− 1)γ2ne−4rβ(2n−2)t
∫ t
0
s2n−2
(
∫
Rd∩Eξ,y
e−(t−s)|ξ|
β
e−s|y|
β
χB0(ξ − y)χB0(r)(y)dy
+e−t|ξ|
β
∫
Rd∩Fξ,y
χB0(ξ − y)χB0(r)(y)dy)ds
≥ (2n− 1)γ2ne−4rβ(2n−2)tt2n−1(
∫
Rd∩Eξ,y
e−(t−s)|ξ|
β
e−s|y|
β
χB0(ξ − y)χB0(r)(y)dyds
+e−t|ξ|
β
∫
Rd∩Fξ,y
χB0(ξ − y)χB0(r)(y)dy)
& γ2ne−4r
β(2n−2)tt2n−1
(e−4r
2te−t|ξ|
β
∫
Rd∩Eξ,y
χB0(ξ − y)χB0(r)(y)dy
+e−t|ξ|
β
∫
Rd∩Fξ,y
χB0(ξ − y)χB0(r)(y)dy)
& γ2ne−4r
β(2n−1)tt2n−1e−t|ξ|
β
∫
Rd
χB0(ξ − y)χB0(r)(y)dy
& γ2ne−4r
β(2n−1)tt2n−1e−t|ξ|
β
χB0(r)(ξ)
and
a2n+1(t, ξ) & γ
2n+1e−4r
β(2n)tt2ne−t|ξ|
β
χB0(r)(ξ)
Then, by induction we have
ai(t, ξ) & γ
ie−4r
β(i−1)tti−1e−t|ξ|
β
χB0(r)(ξ), i = 1, 2, ....
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Then, by Lemma 2.1 (3), for γ ≥ 4rβe, if T ≥ 1
4rβ
, we have∥∥∥∥∥
∞∑
i=1
ui
∥∥∥∥∥
L∞([0,T ),Mp,1)
=
∥∥∥∥∥
∞∑
i=1
‖ui‖Mp,1
∥∥∥∥∥
L∞T
≥
∥∥∥∥∥
∞∑
i=1
‖ui‖FL1
∥∥∥∥∥
L∞T
≥
∥∥∥∥∥
∞∑
i=1
∥∥∥γie−4r2(i−1)tti−1e−t|ξ|βχB0(r)(ξ)∥∥∥
L1
∥∥∥∥∥
L∞T
≥
∥∥∥∥∥
∞∑
i=1
∥∥∥γie−(4rβ(i−1)−1)tti−1χB0(r)(ξ)∥∥∥
L1
∥∥∥∥∥
L∞T
=
∥∥∥∥∥
∞∑
i=1
γie(−4r
β(i−1)−1)tti−1
∥∥χB0(r)(ξ)∥∥L1
∥∥∥∥∥
L∞T
= ∞.
By the similar argument the above, we can obtain that for general k,
aik−(i−1)(t, ξ) & γik−(i−1)e−4r
β(k−1)ittie−t|ξ|
β
χB0(r)(ξ), i = 1, 2, ....
Then, by Lemma 2.1 (3), for γ ≥ 4rβ(k − 1)e, if T ≥ 1
4rβ(k−1) , we have∥∥∥∥∥
∞∑
i=1
ui
∥∥∥∥∥
L∞([0,T ),Mp,1)
=
∥∥∥∥∥
∞∑
i=1
‖ui‖Mp,1
∥∥∥∥∥
L∞T
≥
∥∥∥∥∥
∞∑
i=1
‖ui‖FL1
∥∥∥∥∥
L∞T
≥
∥∥∥∥∥
∞∑
i=1
∥∥∥γie−4rβ(i−1)tti−1e−t|ξ|βχB0(r)(ξ)∥∥∥
L1
∥∥∥∥∥
L∞T
≥
∥∥∥∥∥
∞∑
i=1
∥∥∥γie(−4rβ(i−1)−1)tti−1χB0(r)(ξ)∥∥∥
L1
∥∥∥∥∥
L∞T
=
∥∥∥∥∥
∞∑
i=1
γie(−4r
β(i−1)−1)tti−1
∥∥χB0(r)(ξ)∥∥L1
∥∥∥∥∥
L∞T
= ∞.

We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. By Proposition 3.1 and Lemmas 3.2, 3.3, we have, for 0 < T < T ∗,
u(t) =
∞∑
i=1
ai(t) ∈ L∞loc([0, T ∗),Mp,1(Rd))
HEAT EQUATION WITH FRACTIONAL: LAPLACIAN AND HARMONIC OSCILLATOR 25
is a solution of (1.1). By Lemma 3.4, we have∥∥∥∥∥
∞∑
i=1
ui(t)
∥∥∥∥∥
L∞loc([0,T
∗),Mp,1)
≤
∥∥∥∥∥
∞∑
i=1
ai(t)
∥∥∥∥∥
L∞loc([0,T
∗),Mp,1)
By Lemma 3.5, we have, for T ∗ ≥ 1
4rβ(k−1) ,∥∥∥∥∥
∞∑
i=1
ui(t)
∥∥∥∥∥
L∞([0,T ∗),Mp,1)
=∞.
This completes the proof. 
4. The fractional harmonic oscillator Hβ = (−∆+ |x|2)β
4.1. The heat propogator e−tH
β
. The spectral decomposition of H = −∆+ |x|2 is given
by the Hermite expansion. Let Φα(x), α ∈ Nd be the normalized Hermite functions which
are products of one dimensional Hermite functions. More precisely, Φα(x) = Π
d
j=1hαj (xj)
where
hk(x) = (
√
π2kk!)−1/2(−1)ke 12x2 d
k
dxk
e−x
2
.
The Hermite functions Φα are eigenfunctions of H with eigenvalues (2|α|+ d) where |α| =
α1+...+αd.Moreover, they form an orthonormal basis for L
2(Rd). The spectral decomposition
of H is then written as
H =
∞∑
k=0
(2k + d)Pk, Pkf(x) =
∑
|α|=k
〈f,Φα〉Φα
where 〈·, ·〉 is the inner product in L2(Rd). Given a function m defined and bounded on the
set of all natural numbers we can use the spectral theorem to define m(H). The action of
m(H) on a function f is given by
m(H)f =
∑
α∈Nd
m(2|α|+ d)〈f,Φα〉Φα =
∞∑
k=0
m(2k + d)Pkf.(4.1)
This operator m(H) is bounded on L2(Rd). This follows immediately from the Plancherel
theorem for the Hermite expansions as m is bounded. On the other hand, the mere bound-
edness of m is not sufficient to imply the Lp boundedness of m(H) for p 6= 2 ([38]).
In the sequel, we make use of some properties of special Hermite functions Φα,β which are
defined as follows. We recall (2.3) and define
Φα,β(z) = (2π)
−d/2〈π(z)Φα,Φβ〉.(4.2)
Then it is well known that these so called special Hermite functions form an orthonormal
basis for L2(Cd). In particular, we have ([38, Theorem 1.3.5])
Φα,0(z) = (2π)
−d/2(α!)−1/2
(
i√
2
)|α|
z¯αe−
1
4
|z|2.(4.3)
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We define heat propagator associated to fractional harmonic oscillator m(H) =
e−tH
β
by equation (4.1) with m(n) = e−tn
β
(n ∈ N, t ∈ R, 0 < β <∞).
4.2. Uniform boundeness of e−tH
β
in Mp,p. In this subsection we shall prove Theorem
1.2. To this end, we recall following
Definition 4.1 (Hermite multipliers on Mp,q(Rd)). Let m be a bounded function on Nd. We
say that m is a Hermite multiplier on the space Mp,q(Rd) if the linear operator defined by
Tmf =
∑
α∈Nd
m(α)〈f,Φα〉Φα, (f ∈ S(Rd))
extends to a bounded linear operator from Mp,q(Rd) into itself, that is, ‖Tmf‖Mp,q . ‖f‖Mp,q .
Definition 4.2 (Fourier multiplier on Lp(Td)). Let m be a bounded measurable function
defined on Zd. We say that m is a Fourier multiplier on Lp(Td) if the linear operator Tm
defined by
(̂Tmf)(α) = m(α)fˆ(α), (f ∈ P(Td), α ∈ Zd)
where fˆ(α) =
∫
Td
f(θ)e−iθ·αdθ are the Fourier coefficients of f , extends to a bounded linear
operator from Lp(Td) into itself, that is, ‖Tmf‖Lp(Td) . ‖f‖Lp(Td).
Proposition 4.1 (Transference Property [6]). Let 1 ≤ p < ∞. If m : Zd → C is a Fourier
multiplier on Lp(Td), then m|Nd, the restriction of m to Nd, is a Hermite multiplier on
Mp,p(Rd).
Proof. We sketch the proof, for detail see [6, Proposition 1]. By (4.2), (4.3), Remark 2.1(2),
and Definition 4.1, we obtain
‖Tmf‖pMp,p = (2π)−dp/2
∫
R2d
|〈π(x, y)Tmf,Φ0〉|pdy dx
= (2π)−dp/2
∫
R2d
∣∣∣∣∣∑
α∈Nd
m(α)〈f,Φα〉〈π(x, y)Φα,Φ0〉
∣∣∣∣∣
p
dy dx
= (2π)−dp/2
∫
Cd
∣∣∣∣∣∑
α∈Nd
m(α)〈f,Φα〉 i
|α|z¯α√
α! 2|α|/2
e−
1
4
|z|2
∣∣∣∣∣
p
dz = (2π)−dp/2I.
By using polar coordinates zj = rje
iθj , rj := |zj | ∈ [0,∞), zj ∈ C and θj ∈ [0, 2π), we get
zα = rαeiα·θ and dz = r1r2 · · · rddθdr(4.4)
where r = (r1, · · · , rd), θ = (θ1, · · · , θd), dr = dr1 · · ·drd, dθ = dθ1 · · · dθd, |r| =
√∑d
j=1 r
2
j .
By writing the integral over Cd = R2d in polar coordinates in each time-frequency pair and
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using (4.4), we have
I =
d∏
j=1
∫
R+
∫
[0,2π]
∣∣∣∣∣∑
α∈Nd
m(α)
(
〈f,Φα〉 i
|α|rα√
α! 2|α|/2
e−
1
4
|r|2
)
e−iα·θ
∣∣∣∣∣
p
rj dθj drj.
≤
d∏
j=1
∫
R+
∫
[0,2π]
∣∣∣∣∣∑
α∈Nd
m(α)
(
〈f,Φα〉 i
|α|rα√
α! 2|α|/2
e−
1
4
|r|2
)
e−iα·θ
∣∣∣∣∣
p
rj dθj drj.
We put aα = 〈f,Φα〉 i|α|rα√α! 2|α|/2 e−
1
4
|r|2. Since |〈f,Φα〉| ≤ ‖f‖L2‖Φα‖L2 ≤ ‖f‖2 , the series∑
α∈Nd |aα| converges. Thus there exists a continuous function g ∈ Lp(Td) with Fourier
coefficients gˆ(α) = aα for α ∈ Nd and gˆ(α) = 0 for α ∈ Zd \Nd. In fact, the Fourier series of
this g is absolutely convergent, and therefore we may write
g(eiθ) =
∑
α∈Zd
aαe
−iα·θ.(4.5)
Since m is a Fourier multiplier on Lp(Td), (4.5) gives∫
[0,2π]d
∣∣∣∣∣∑
α∈Nd
m(α)aαe
iα·θ
∣∣∣∣∣
p
dθ .
∫
[0,2π]d
∣∣∣∣∣∑
α∈Nd
aαe
−iα·θ
∣∣∣∣∣
p
dθ.(4.6)
Now taking (4.4), (4.5), and (4.6) into account, we obtain
‖Tmf‖Mp,p . (2π)−d/2
(
d∏
j=1
∫
R+
∫
[0,2π]
∣∣∣∣∣∑
α∈Nd
(
〈f,Φα〉 i
|α|rα√
α! 2|α|/2
e−
1
4
|r|2
)
e−iα·θ
∣∣∣∣∣
p
rj dθj drj
) 1
p
= (2π)−d/2
(∫
Cd
∣∣∣∣∣∑
α∈Nd
〈f,Φα〉 i
|α|z¯α√
α! 2|α|/2
e−
1
4
|z|2
∣∣∣∣∣
p
dz
) 1
p
= ‖f‖Mp,p.
Thus, we conclude that ‖Tmf‖Mp,p . ‖f‖Mp,p for f ∈ S(Rd). 
Lemma 4.1. Let t, β > 0. We define
m(α) =
{
e−t(2|α|+d)
β
if α ∈ Nd
0 otherwise.
Then m is a Fourier-multiplier on Lp(Td), furthermore, we have
‖Tmf‖Lp(Td) ≤ e−tdβ
dd/β
2dtd/β
(
Γ(1 +
1
β
)
)d
‖f‖Lp(Td).
Proof. By Young inequality, we have
‖Tmf‖Lp(Td) =
∥∥∥F−1T (mf̂)∥∥∥
Lp(Td)
= ‖m∨ ∗ f‖Lp(Td) ≤ ‖m∨‖L1(Td)‖f‖Lp(Td).
By Ho¨lder inequality and Parseval identity, we have
‖m∨‖L1(Td) ≤ (2π)d/2‖m∨‖L2(Td) = (2π)d/2‖m‖ℓ2(Zd) = (2π)d/2
(∑
α∈Nd
e−2t(2|α|+d)
β
)1/2
.
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Since (2|α|+ d)β > (2|α|)β and (2|α|+ d)β > dβ, we have (2|α|+ d)β > 1
2
(
(2|α|)β + dβ) and
|α|β =
(∑d
i=1 αi
)β
> 1
d
∑d
i=1 α
β
i and so we obtain∑
α∈Nd
e−2t(2|α|+d)
β ≤ e−tdβ
∑
α∈Nd
e−t2
β |α|β
≤ e−tdβ
∑
(α1,...,αd)∈Nd
e−
t2β
d
∑d
i=1 α
β
i
= e−td
β
d∏
i=1
∑
αi∈N
e−
t2β
d
αβi .
Notice that
∞∑
n=1
e−
t2βnβ
d =
∞∑
n=1
∫ ∞
t2βnβ
d
e−xdx =
∫ ∞
0
( ∞∑
n=1
χ{
x≥ t2βnβ
d
}
)
e−xdx
and
∞∑
n=1
χ{
x≥ t2βnβ
d
} =
∞∑
n=1
χ{n≤(dx)1/β/2t1/β} =
⌊ (dx)1/β
2t1/β
⌋∑
n=1
1 = ⌊(dx)
1/β
2t1/β
⌋ ≤ (dx)
1/β
2t1/β
where floor function is the ⌊x⌋ = max{m ∈ Z | m ≤ x}. It follows that
∞∑
n=1
e−
t2βnβ
d ≤ d
1/β
2t1/β
∫ ∞
0
x1/βe−xdx =
d1/β
2t1/β
Γ(1 +
1
β
)
and hence ∑
α∈Nd
e−2t(2|α|+d)
β ≤ e−tdβ d
d/β
2dtd/β
(
Γ(1 +
1
β
)
)d
.

Proof of Theorem 1.2. Taking Proposition 4.1 and Lemma 4.1 into account, we may obtain
the proof. 
Acknowledgment: D.G.B is thankful to Henri Lebesgue Centre (IRMAR, Uni. Rennes
1) for the financial support and the excellent research felicities. D.G.B is also thankful to
DST-INSPIRE and TIFR CAM for the academic leave.
References
1. Wang Baoxiang, Zhao Lifeng, and Guo Boling, Isometric decomposition operators, function spaces Ep,qλ
and applications to nonlinear evolution equations, Journal of Functional Analysis 233 (2006), no. 1,
1–39.
2. A´rpa´d Be´nyi, Karlheinz Gro¨chenig, Kasso A Okoudjou, and Luke G Rogers, Unimodular Fourier mul-
tipliers for modulation spaces, Journal of Functional Analysis 246 (2007), no. 2, 366–384.
3. A´rpa´d Be´nyi and Kasso A Okoudjou, Local well-posedness of nonlinear dispersive equations on modula-
tion spaces, Bulletin of the London Mathematical Society 41 (2009), no. 3, 549–558.
4. Divyang G Bhimani, Global well-posedness for fractional Hartree equation on modulation spaces and
Fourier algebra, Journal of Differential Equations 268 (2019), no. 1, 141–159.
HEAT EQUATION WITH FRACTIONAL: LAPLACIAN AND HARMONIC OSCILLATOR 29
5. , The nonlinear Schro¨dinger equations with harmonic potential in modulation spaces, Discrete
and Continuous Dynamical Systems - Series A 39 (2019), no. 10, 5923–5944.
6. Divyang G Bhimani, Rakesh Balhara, and Sundaram Thangavelu, Hermite multipliers on modulation
spaces, Analysis and Partial Differential Equations: Perspectives from Developing Countries, Springer,
2019, pp. 42–64.
7. Divyang G Bhimani, Manoussos Grillakis, and Kasso A Okoudjou, The Hartree-Fock equations in mod-
ulation spaces, preprint arXiv:1908.05862 (2019).
8. Divyang G Bhimani and PK Ratnakumar, Functions operating on modulation spaces and nonlinear
dispersive equations, Journal of Functional Analysis 270 (2016), no. 2, 621–648.
9. Curtis Charles Bradley, CA Sackett, and RG Hulet, Bose-Einstein condensation of lithium: Observation
of limited condensate number, Physical Review Letters 78 (1997), no. 6, 985.
10. Lorenzo Brandolese and Fernando Cortez, Blowup for the nonlinear heat equation with small initial data
in scale-invariant Besov norms, Journal of Functional Analysis 276 (2019), no. 8, 2589–2604.
11. Xavier Cabre´ and Yannick Sire, Nonlinear equations for fractional Laplacians, I: Regularity, maximum
principles, and Hamiltonian estimates, Annales de l’Institut Henri Poincare (C) Non Linear Analysis,
vol. 31, Elsevier, 2014, pp. 23–53.
12. Re´mi Carles, Critical nonlinear Schro¨dinger equations with and without harmonic potential, Mathemat-
ical Models and Methods in Applied Sciences 12 (2002), no. 10, 1513–1523.
13. , Remarks on nonlinear Schro¨dinger equations with harmonic potential, Annales Henri Poincare´,
vol. 3, Springer, 2002, pp. 757–772.
14. Jiecheng Chen, Qingquan Deng, Yong Ding, and Dashan Fan, Estimates on fractional power dissipative
equations in function spaces, Nonlinear Analysis: Theory, Methods & Applications 75 (2012), no. 5,
2959–2974.
15. Jiecheng Chen, Dashan Fan, and Lijing Sun, Asymptotic estimates for unimodular Fourier multipliers
on modulation spaces, Discrete & Continuous Dynamical Systems-A 32 (2011), no. 2, 467.
16. Elena Cordero and Fabio Nicola, On the Schro¨dinger equation with potential in modulation spaces,
Journal of Pseudo-Differential Operators and Applications 5 (2014), no. 3, 319–341.
17. Elena Cordero, Fabio Nicola, and Luigi Rodino, Schro¨dinger equations with rough hamiltonians, Discrete
and Continuous Dynamical System, Series A 35 (2015), no. 10, 4805–4821.
18. Jayson Cunanan, Masaharu Kobayashi, and Mitsuru Sugimoto, Inclusion relations between lp-sobolev
and Wiener amalgam spaces, Journal of Functional Analysis 268 (2015), no. 1, 239–254.
19. Hans G Feichtinger, Modulation spaces on locally compact abelian groups, Universita¨t Wien. Mathema-
tisches Institut, 1983.
20. H Fujita, On some nonexistence and nonuniqueness theorems for nonlinear parabolic equations, Proc.
Sympos. Pure Math. Part I, Amer. Math. Soc., Providence, RI 18 (1968), 138–161.
21. Hiroshi Fujita, On the blowing up of solutions of the Csauchy problem for ut = ∆u + u
1+α, Journal of
the Faculty of Science, University of Tokyo. Sect. 1 13 (1966), no. 2, 109–124.
22. Nicola Garofalo, Fractional thoughts, preprint arXiv:1712.03347 (2017).
23. Karlheinz Gro¨chenig, Foundations of time-frequency analysis, Springer Science & Business Media, 2013.
24. Kantaro Hayakawa, On nonexistence of global solutions of some semilinear parabolic differential equa-
tions, Proceedings of the Japan Academy 49 (1973), no. 7, 503–505.
25. Qiang Huang, Dashan Fan, and Jiecheng Chen, Critical exponent for evolution equations in modulation
spaces, Journal of Mathematical Analysis and Applications 443 (2016), no. 1, 230–242.
26. Tsukasa Iwabuchi, Navier–Stokes equations and nonlinear heat equations in modulation spaces with
negative derivative indices, Journal of Differential Equations 248 (2010), no. 8, 1972–2002.
27. Keiichi Kato, Masaharu Kobayashi, and Shingo Ito, Estimates on modulation spaces for Schro¨dinger
evolution operators with quadratic and sub-quadratic potentials, Journal of Functional Analysis 266
(2014), no. 2, 733–753.
28. Kusuo Kobayashi, Tunekiti Sirao, and Hiroshi Tanaka, On the growing up problem for semilinear heat
equations, Journal of the Mathematical Society of Japan 29 (1977), no. 3, 407–424.
29. Sanghyuk Lee and Keith M Rogers, The Schro¨dinger equation along curves and the quantum harmonic
oscillator, Advances in Mathematics 229 (2012), no. 3, 1359–1379.
30. Luc Molinet and Slim Tayachi, Remarks on the Cauchy problem for the one-dimensional quadratic
(fractional) heat equation, Journal of Functional Analysis 269 (2015), no. 8, 2305–2327.
30 DIVYANG G. BHIMANI
31. Tadahiro Oh and Yuzhao Wang, Global well-posedness of the one-dimensional cubic nonlinear
Schro¨dinger equation in almost critical spaces, preprint arXiv:1806.08761 (2018).
32. Shaolei Ru,Multilinear estimates on frequency-uniform decomposition spaces and applications, Taiwanese
Journal of Mathematics 18 (2014), no. 4, 1129–1149.
33. Shaolei Ru and Jiecheng Chen, The blow-up solutions of the heat equations in FL1(RN ), Journal of
Functional Analysis 269 (2015), no. 5, 1264–1288.
34. Michael Ruzhansky, Mitsuru Sugimoto, and Baoxiang Wang, Modulation spaces and nonlinear evolution
equations, Evolution equations of hyperbolic and Schro¨dinger type, Springer, 2012, pp. 267–283.
35. Michael Ruzhansky, Baoxiang Wang, and Hua Zhang, Global well-posedness and scattering for the fourth
order nonlinear Schro¨dinger equations with small data in modulation and Sobolev spaces, Journal de
Mathe´matiques Pures et Applique´es 105 (2016), no. 1, 31–65.
36. Pablo Rau´l Stinga and Jose´ Luis Torrea, Extension problem and Harnack’s inequality for some fractional
operators, Communications in Partial Differential Equations 35 (2010), no. 11, 2092–2122.
37. , Regularity theory for the fractional harmonic oscillator, Journal of Functional Analysis 260
(2011), no. 10, 3097–3131.
38. Sundaram Thangavelu, Lectures on Hermite and Laguerre expansions, vol. 42, Princeton University
Press, 1993.
39. Joachim Toft, Continuity properties for modulation spaces, with applications to pseudo-differential
calculus-I, Journal of Functional Analysis 207 (2004), no. 2, 399–429.
40. Juan Luis Vazquez and Enrike Zuazua, The Hardy inequality and the asymptotic behaviour of the heat
equation with an inverse-square potential, Journal of Functional Analysis 173 (2000), no. 1, 103–153.
41. Baoxiang Wang, Lijia Han, and Chunyan Huang, Global well-posedness and scattering for the derivative
nonlinear Schro¨dinger equation with small rough data, Annales de l’IHP Analyse non line´aire, vol. 26,
2009, pp. 2253–2281.
42. Baoxiang Wang and Henryk Hudzik, The global Cauchy problem for the NLS and NLKG with small
rough data, Journal of Differential Equations 232 (2007), no. 1, 36–73.
43. BaoxiangWang, Zhaohui Huo, Zihua Guo, and Chengchun Hao, Harmonic analysis method for nonlinear
evolution equations, I, World Scientific, 2011.
44. Fred B Weissler, Local existence and nonexistence for semilinear parabolic equations in lp, Indiana Uni-
versity Mathematics Journal 29 (1980), no. 1, 79–102.
45. Andre´ Xuereb, Alberto Imparato, and Aure´lien Dantan, Heat transport in harmonic oscillator systems
with thermal baths: application to optomechanical arrays, New Journal of Physics 17 (2015), no. 5,
055013.
IRMAR, Uni. Rennes 1, Rennes 35042, France
E-mail address : divyang@tifrbng.res.in
